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An analysis is presented for the process and for the solution of a prob- 
l em deal ing with the distr ibution of moisture in a body in the diffusion 
drying of concrete; consideration is given to the effect of gravitation 
under conditions in which there is no hydration, carbonation, and aging 
in the material; moreover, the transport coeffients are constants. 

In an ex te rna l  f o r ce  field (such as, for  example ,  a 
g rav i ta t iona l  field) a d i so rde red  motion of the diffusion 
type is  imposed  on the o rde red  mot ion of m o i s t u r e  in 
d i s p e r s e  media .  In the absence of g rav i ta t iona l  fo rces ,  
the t r a n s f e r  of m a s s  in cap i l l a ry -po rous  uni form s t r u c -  

tu res  is i so t rop ic .  In the ma thema t i ca l  fo rmula t ion  of 
the phenomenon we can t h e r e f o r e  use a diffusion equa-  
tion with constant  coeff ic ients .  A bibl iography and 
some of the solut ions for  such p rob l ems  a re  ci ted in 
[2]. The numer i ca l  solut ions in the fo rm of nomo-  
g r ams  for a number  of mo i s t  m a t e r i a l s  and, in p a r t i -  
cular ,  fo r  concre te  w e r e  p resen ted  by the author at 
the sympos ium [3]. Under the cons ide rab le  influence 
of a g rav i ta t ion  f ield,  the t r ans f e r  of m o i s t u r e  in d i s -  
p e r s e  m e d i a  becomes  m o r e  compl ica ted ,  it may be 
anisot ropic  in nature  (see, for  example,  [14]), and in 
drying,  the d i rec t ion  in which the m o i s t u r e  moves  
may  prove  to be significant~ 

In a number  of papers ,  in the ma thema t i ca l  f o r m u -  
lat ion of the mot ion of m o i s t u r e  in porous media ,  our 
at tention was drawn to the pa r t i cu la r  impor tance  of 
the t e r m  desc r ib ing  the act ion of the fo r ce  of grav i ty  
[5-8 l .  However ,  in calculat ing the t r a n s f e r  of m o i s -  
tu re  through f i n e - p o r e  media ,  and pa r t i cu l a r ly  in the 

*The author has been engaged s ince  1961 at the State 
Inst i tute for  Technical  R e s e a r c h  (Helsinki,  Finland) on 
the topic: "The Drying of Concre te"  [1]. A br ie f  outline 
of the completed  r e s e a r c h  on the effect  of g rav i ta t ion  
on the p roces s  of drying conc re t e  was published in "A 
Theore t i ca l  Invest igat ion of the Effect  of Gravi ta t ion 
on Drying of Concrete .  Two Solutions of a Diffusion- 
Type Equation, with Considera t ion  of the Gravi ta t ion 
Component" by P ih l a j avaa ra  and Rant (State Inst i tute 
for  Technical  Resea rch ,  no. 94, Helsinki ,  1965). This 
a r t i c l e  is a somewhat  modif ied port ion of the l a t t e r  
publicat ion,  including a sec t ion  of the chapter  enti t led 
" P h y s i c s , "  a s u m m a r y  of the fo rmulas  f rom the chap-  
t e r  enti t led "Mathemat ics"  (without de r iva t ion  of the 
fo rmulas ,  which was the work of Dr. Rant), and c e r -  
tain of the nomograms  f r o m  the chapter  enti t led 

"Numerical Examples." 
The translation by T. S. Kortneva was edited by 

Doctor of Technical Sciences Yu. A. Mikhailov and 
Candidate of Technical Sciences V. A. Sheiman. 

theory  of drying and in the ma themat i ca l  formula t ion  
of the p rob lem per ta ining to the diffusion t r ans f e r  of 
m a s s ,  the effect  of g rav i ty  is usual ly  neglected.  It is 
t he re fo re  s tated in the Luikov monograph [9] that the 
t r anspo r t  of m o i s t u r e  f rom a liquid or a vapor  in cap-  
i l l a r y - p o r o u s  col loidal  s t r uc tu r e s  is in the nature of 
diffusion. In the desc r ip t ion  of this motion,  the d i f fu -  
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Fig. 1. P red ic ted  scheme:  a ) c a s e  
1; b) case  2. 

sion equation contains no t e r m  for the fo r ce  of gravi ty .  
Nei ther  is the gravi ta t ional  component cons idered  in 
the wr i t ings  of Luikov and Mikhailov [10], nor  in those 
of Dicke, Roll ,  and Weber  [19]. The genera l ly  held 
view is that the s m a l l e r  the dimensions  of the pores ,  
the g r e a t e r  the quantity of accumulated mo i s tu r e  in the 
porous med ium and the s m a l l e r  the effect  of g r av i t a -  
tion. The theory  of adsorpt ion conf i rms  the val idi ty  of 
this standpoint.  Kr i s che r  [11] noted that the effect  of 
g rav i ta t ion  could be neglected even in the drying of a 
bed of sand exhibit ing an ave rage  pa r t i c l e  d imens ion  
of 0.2 mm.  Luikov [20] wr i t e s  that with an accuracy  to 
6% the effect  of the fo rce  of gravi ty  is ins ignif icant  
when the pores  exhibit  a d imension  l ess  than 10 -3 cm. 
The effect  of the fo rce  of grav i ty  is a lso neglected in 
many engineer ing  calculat ions  [19]. 

It would s e e m  f r o m  the above-c i t ed  data  that we 
a re  jus t i f ied in neglect ing the mot ion of m o i s t u r e  under 
the act ion of the fo rce  of grav i ty  in the d ry ing  of con- 
c re t e  in which pore  d imens ions  genera l ly  range in an 
in te rva l  of values f rom l0  g to 10 angst roms~ The 
author was of this opinion until 1964. At the RILEMA 
sympos ium,  P r o f e s s o r  S. I rme i  (of the Haifa Insti tute 
of Technology, I s rae l )  r a i sed  a quest ion about the 
absence of a gravitation term in the mathematical for- 
mulation of the problem on the transfer of mass in the 

report submitted by the author [i]. The subsequent 

discussion aroused interest in this question and pro- 

vided the basis for the current study. 
We note that soil scientists are constantly engaged 

in the study of gravitational effects. 
Preliminary processing of the experiments carried 

out at our laboratory demonstrates that the effect of 
gravitational forces on the process of drying concrete 
can be measured; however, individual variations in the 

properties of the various specimens may significantly 

influence the gravitational effect. 
As the basic relationship describing the transport 

of moisture, we employed an equation of diffusion 
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which took into cons idera t ion  the effect  of the fo rce  of 
gravi ty  on the drying p roce s s  and this f o r ce  is natu-  
ra l ly  assumed to be independent of the body d imen-  

sions:  

J = - -  k grad C q- k~C i~,. (1) 

By introducing a new va r i ab l e  

N =  C - - C ~  , 
C o - - C ~  

we can p r e sen t  Eq. (1) in the f o r m  

J Co 
JN-- Co __ Ce = - -  k grad N + kgN ia + kg ie Co ,_,e.~ (2) 

The las t  t e r m  in the r ight-hand m e m b e r  of Eq. (2) 
can be neglec ted  when the vapor  p r e s s u r e  of the m o i s -  
ture  is in equi l ib r ium with the par t i a l  p r e s s u r e  of the 
vapor  in the ambient  a i r  and, consequently,  the m o i s -  
ture  is not in motion.  If at the conclusion of the p r o '  
cess  the "equi l ibr ium m o i s t u r e "  or  a par t  of i t  is 
moved under  the action of the fo r ce  of gravi ty ,  the 

definit ion of C e is not en t i re ly  exact .  Cer ta in  lengthy 
exper iments  have demons t ra ted  that t he re  is  no t rue  
equi l ibr ium state  in concre te .  In the fol lowing we will  
not cons ider  the las t  t e r m  in (2). 

The ra te  of change N, as is well  known, can be 
r e p r e s e n t e d  in the following manner :  

ON 0 N 
- -  = k div grad N - -  k~ , (3) 
Oh 0 z 

where  k and kg a re  assumed constant (in the genera l  
case  they may even be var iable) ,  while the z - ax i s  
coincides with the d i rec t ion  of the gravi ta t ional  fo rce .  

With introduction of the d imens ion less  va r i ab l e s  

z le hk  z 
X = - - - ,  a =  , and  t -  

l kgl l 

Eq. (3), for  an unbounded plate,  can be wr i t ten  as 
follows: 

ON OW ON 

Ot Ox 2 Ox (4) 

The product  a t  is the F o u r i e r  number:  Fo = at.  
In a s l ight ly  d i f ferent  fo rm,  Eq. (4) was f i r s t  de-  

r ived  by T. De Kudre (Ann. der  Phys . ,  1894)o In the 
yea r s  following it  was repea ted ly  used to study the 
var ious  diffusion p r o c e s s e s  in the grav i ta t iona l  f ield 
[12-181o It was a s sumed  in the der iva t ion  of Eq. (1) 
that the drying of concre te  is an i so the rma l  p ro ce s s  
and that the t r anspo r t  of bound m o i s t u r e  under the 
act ion of gravi ty  is insignif icant;  m o r e o v e r ,  i t  was 
assumed that the re  is no hydrat ion,  carbonation,  and 
aging in the drying p roces s ,  and that the t r anspor t  
coeff ic ients  a re  constant.  In addition, it was assumed 
that the concre te  is a mac roscop i c ,  i so t ropic ,  and 
homogeneous medium~ 

For  the r e m a i n d e r  of this d i scuss ion  it is adv i s -  
able to impar t  a somewhat  d i f ferent  fo rm of notation 
to Eq. (1): 

a N " - - N ' - - N  = 0. (5) 

We will  examine  a hor izonta l  infinite plate of unit 
th ickness ,  assuming one of its su r f aces  to be m o i s -  
tureproof ,  i . e . ,  i m p e r m e a b l e  to a flow of mo i s tu re .  
We a re  thus confronted with two prob lems:  

1. The f r e e  sur face  is turned up (x = 0). If the co-  
ordinate  x is reckoned in the d i rec t ion  of the g r a v i t a -  
t ional flux (Fig. la) ,  the boundary conditions a r e  
wr i t ten  as follows: 

whenx  = 0, N = 0  and when x - -  1 , a N ' - - N  ~ 0 .  (6) 

2. The f r e e  sur face  is turned down (x = 1) (Fig.  lb),  
so that the boundary conditions a s sume  the form:  

w h e n x = 0 ,  a N ' - - N = O a n d w h e n  x = l  N = 0 .  (7) 

The init ial  conditions in the two p rob lems  a re  the fo l -  
lowing: 

when t = 0, N = 1. (8) 

In the p rob lems  under  cons idera t ion  we p r e sen t  the 
der ived  re la t ionships  for  the m o i s t u r e - c o n t e n t  d i s t r i -  
bution N(x, t), the t ime  var ia t ion  in the ave rage  m o i s -  

1 

tu re  content N(t) = J" N ( x ,  t ) d x ,  and the m o i s t u r e  
0 

flow through the f r e e  sur face  J(t) = aN '  - N. 
The 1 - s t  problem:  

N (x,  t)  = 

= V 8~2La 1 + 

n=t 1 + 4a~/~n ~ -  2a - ] /  1 + 4a~L 2 x 

xexp - - ~ % t + ~ -  sinL~x; (9) 

(t) = 

----- 8a2Ln - 1 + x 

x 1 +4a~L~ exp (--c%t); (10) 

J (t) = 

E 8~3~2n 1 

n=l 1 -1- 4a~Z.~-- 2a -- V 1 -}- 4a2~fin ' • 

• exp (--r (X= 0). (11) 

The "+" in the ci ted fo rmulas  per ta ins  to a > 1/2,  
while the " - "  per ta ins  to 0 < a --< 1/2.  Some of the 
r e su l t s  f rom calculat ions  on the bas is  of f o rm u l a  (9) 
a r e  shown in Figs .  2 and 3. 

In the solutions for  (9)-(11) we see  that k is a cha r -  
a c t e r i s t i c  root  of the equation 

tg a = 2a3,, 

so  that the t r iv i a l  solut ion X = 0 does not sa t is fy  the 
boundary conditions.  

If a > 1/2,  the f i r s t  root  can be defined by a t r i a l -  
a n d - e r r o r  method. The s e r i e s  for •n has the fo rm 
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Fig.  2. Local  d i m e n s i o n l e s s  m o i s t u r e  content  N of body ve r sus  d i m e n s i o n l e s s  

coordina te  x for 1-s t  ease  at va r ious  values  of d i m e n s i o n l e s s  t ime  t (c~ ; 1). 
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Fig.  3. Local  d i m e n s i o n l e s s  m o i s t u r e  content  N of body v e r s u s  
d i m e n s i o n l e s s  coord ina te  x for 1 -s t  case  at va r ious  va lues  of 

d i m e n s i o n l e s s  t ime  t (o~ = 5). 
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Fig .  4. L o c a l  d i m e n s i o n l e s s  m o i s t u r e  c o n t e n t  

N of body v e r s u s  d i m e n s i o n l e s s  c o o r d i n a t e  x 

f o r  2 - n d  c a s e  a t  v a r i o u s  v a n e s  of d i m e n s i o n -  
l e s s  t i m e  t (~ = 1). 
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Fig .  5. L o c a l  d i m e n s i o n l e s s  m o i s t u r e  c o n t e n t  

N of body v e r s u s  d i m e n s i o n l e s s  c o o r d i n a t e  x 

f o r  2 - n d  c a s e  at  v a r i o u s  v a l u e s  of d i m e n s i o n -  
l e s s  t i m e  t (c~ = 5). 
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Fig .  6. Mean  d i m e n s i o n l e s s  m o i s t u r e  c o n t e n t  N of body 

v e r s u s  F o u r i e r  n u m b e r  Fo  ( ~  c a s e  1; - - - c a s e 2 ) ;  
1) c~ = 1 ;  2) c~ = 5 ;  3) c~ = 5 0 .  
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i (l I) 
2a q)~-~-- 4a ~ 24a ~ r 

4a ~ 12a ~ i- q~-s, 

where 

~n = (2n-F 1) n /2when  O ~ a . ~  1/2 / n - -  1, 2, 3, 
% = (2n - -  1) n/2 when a ~  1/2 ! 

The  e r r o r  in the  d e t e r m i n a t i o n  of X n is  equa l  to 

]A~ [ = 0 (a-4q~nr)whena >> 1. 

The cons t an t  w n is r e l a t e d  to X n by the equa t ion  

~). = (1 § 4a~ ) /4a .  

The 2-nd problem: 

N (x, t )= 

(-- 1)" 2 exp (a/2)]Xm 
l+4a2X~J-2a ~ l ~ 2 X ~ n  J 

n =  1 i 

( t )  = 

8a2~ [ ( - - 1 ) ~ 2 e x p ( a / 2 ) ] x l  

4a2kn 
x l§  n exp (--cont); 

J (t) = 

= _  ( - -  l r  2 ex~p (~a/2)] • 

1+ ~u / 

(12) 

(13) 

(14) 

x exp( - -en t )  (x = 1). (15) 

S o m e  of the  r e s u l t s  f r o m  our c a l c u l a t i o n s  a c c o r d i n g  to 
f o r m u l a  (13) a r e  shown in F igs .  4 and 5. 

The  p o s i t i v e  r o o t s  of the  s o l u t i o n s  fo r  (13) - (15)  a r e  

the  c h a r a c t e r i s t i c  r o o t s  of the  equa t ion  

t g X  = - -  2 a;L. 

H e r e  X = 0 a l so  f a i l s  to s a t i s f y  the  condi t ions .  We can 
d e t e r m i n e  k n f r o m  the  a p p r o x i m a t e  equa t ion  

+ ( 1  1 1 1 
160a 5 �9 

w h e r e  ~v n = (2n - 1)7r/2, n = 1, 2, 3 . . . .  The  e r r o r  in 
the  d e t e r m i n a t i o n  of Xn is of the s a m e  o r d e r  as  in the  
p r e v i o u s  p r o b l e m ,  wi th  the cons tan t  co n d e t e r m i n e d  
f r o m  r e l a t i o n s h i p  (12). The  c a l c u l a t i o n s  on the b a s i s  
of the a b o v e - c i t e d  so lu t ions  w e r e  c a r r i e d  out on an 
E l l io t  803A d ig i t a l  c o m p u t e r .  Some  of the  r e s u l t s  f r o m  
the  c a l c u l a t i o n  a c c o r d i n g  to f o r m u l a s  (10) and (14) a r e  
shown in  F ig ,  6. 

F i g u r e  7 shows the e x p e r i m e n t a l  c u r v e s  fo r  the 
d r y i n g  of m o i s t  p l a t e s  (7.4 cm in d i a m e t e r  and 1.5 cm 

in t h i c k n e s s )  m a d e  f r o m  a s t a n d a r d  c e m e n t  so lu t ion  

0.6 

0.O 

i 

0 

Gravity 

i _ 

~..g.%..:-~ -'f--- Flow 

% / 

200 000 800 800 /000 /200 ,~ 

Fig. 7, Mean dimensionless moisture content 

N of body versus time h; v = 5-7 m/sec; q~ = 

= 40%; T = 20 ~ C; (for notation, see Fig. 6). 

(the c e m e n t - t o - w a t e r  r a t i o  is 0.56; the  c e m e n t  m a s s  
to s o l i d - p h a s e  r a t i o  is equa l  to 1 : 1.2; t h e  m a x i m u m  
d i m e n s i o n  fo r  the  s t a n d a r d  s o l i d - p h a s e  p a r t i c l e s  
(quar tz )  i s  equal  to 1.4 m m ;  the a v e r a g e  f o r c e  of c o m -  
p r e s s i o n  on a s p e c i m e n  4 cm 3 in v o l u m e  is 4.07 �9 10 Y 
N/m2).  The  p r e l i m i n a r y  e x p e r i m e n t s  on the  e f f ec t  of 
the  f o r c e  of g r a v i t y  w e r e  c a r r i e d  out by the au thor  
o v e r  a p e r i o d  of e ight  w e e k s .  A d i a g r a m  of the e x p e r -  
i m e n t  is shown in the  upper  p a r t  of the  f i g u r e .  The  
p l a t e s  w e r e  kept  in a wind tunnel  in a h o r i z o n t a l  p o s i -  
t ion du r ing  the  c o u r s e  of the  e x p e r i m e n t  to e l i m i n a t e  
na tu r a l  convec t i on .  The  e x p e r i m e n t  was  begun p r e -  
c i s e l y  at  the  i n s t an t  at  which  the  v a p o r  p r e s s u r e  of the  
s u r f a c e  m o i s t u r e  of the s p e c i m e n  was  in e q u i l i b r i u m  
wi th  the  p a r t i a l  v a p o r  p r e s s u r e  of the a m b i e n t  a i r .  

The c u r v e s  in F ig .  7 y i e ld  the fo l lowing  a v e r a g e  
a p p r o x i m a t e  va lue s :  k = 2 �9 10 -11 m 2 / s e c ;  kg = 7 �9 10 -1~ 

m / s e c ;  a = 2. 
In conc lu s ion ,  we note  tha t  t h e s e  e x p e r i m e n t s  a r e  

only p r e l i m i n a r y  and the  d e r i v e d  r e s u l t s  a r e  in need  
of f u r t h e r  r e f i n e m e n t .  

NOTATION 

C is  the m o i s t u r e  con ten t  ( c o n c e n t r a t i o n  of f r e e  
w a t e r  and s t e a m  in c o n c r e t e ) ,  kg /m3 ;  Co is the in i t i a l  
m o i s t u r e  content ,  kg /m3;  C e is the e q u i l i b r i u m  m o i s -  
t u r e  content ,  k g / m a ;  C is  the  m o i s t u r e  con ten t  a v e r -  
aged wi th  r e s p e c t  to m a t e r i a l  v o l u m e ,  kg /m3;  Fo is  
F o u r i e r  n u m b e r ;  h is  the t ime ,  s e c ;  ig is  the uni t  v e c -  
t o r  in the  d i r e c t i o n  of g r a v i t a t i o n ;  J is the  s p e c i f i c  
m o i s t u r e  f low,  k g / m 2 s e c ;  JN is the l i n e a r  v e l o c i t y  of 
m o l e c u l a r  m o i s t u r e  flow, m / s e c ;  J (x ,  t) is the  d i m e n -  
s i o n l e s s  m o i s t u r e  f low; k i s  the  m o i s t u r e  conduc t iv i ty  

2 or  d i f fus iv i ty  coe f f i c i en t ,  m / s e c ;  kg is the g r a v i t a -  
t iona l  " m o b i l i t y "  of m o i s t u r e ,  m / s e c ;  I is  the  c h a r a c -  
t e r i s t i c  d i m e n s i o n  (here ,  t h i c k n e s s  of p la te ) ,  m ;  N is 
the  loca l  d i m e n s i o n l e s s  m o i s t u r e  content ;  N is the 
m e a n  d i m e n s i o n l e s s  m o i s t u r e  con ten t  in the body; 
0 ( ) i s  the  o r d e r  of the  quant i ty ;  t i s  the d i m e n s i o n l e s s  
t i m e ;  T is  the t e m p e r a t u r e ,  o C ; x i s  t h e d i m e n s i o n l e s s  
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coordina te ;  v is the veloci ty ,  m / s e c ;  z is the c o o r d i -  
nate in the g rav i t a t ion  d i r ec t ion ,  m; ~ is  the d i m e n -  
s ion less  p a r a m e t e r ;  A is  the e r r o r ;  ~n is  the odd 
mul t i p l i e r ;  ~ is  the r e l a t i v e  a i r  humidi ty ,  %; ' denotes  
the x de r iva t ive ;  �9 denotes  the t de r iva t ive .  
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